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Abstract. We show theoretically that thermomechanical effects in dye-doped nematic liquid crystals when
illuminated by laser beams, can become important and lead to molecular reorientation at intensities sub-
stantially lower than that needed for optical Fréedericksz transition. We propose a 1D model that assumes
homogenous intensity distribution in the plane of the layer and is capable to describe such a thermally
induced threshold lowering. We consider a particular geometry, with a linearly polarized light incident
perpendicularly on a layer of homeotropically aligned dye-doped nematics.

PACS. 05.45.-a Nonlinear dynamics and chaos – 42.70.Df Liquid crystals – 42.65.Sf Dynamics of nonlinear
optical systems; optical instabilities, optical chaos and complexity, and optical spatio-temporal dynamics

1 Introduction

Optically induced temperature changes in liquid crystals
are at the origin of interesting nonlinear behaviors [1].
Indeed, due to the light absorption, thermal effects can
change the physical properties of the liquid crystal, which
in turn affects the light propagation in the medium.
Among the examples of thermal effects, we can distinguish
between a direct change of the refractive indices, often re-
ferred to as thermal indexing, and the variation with the
temperature of other physical parameters, such as the elas-
tic constants, which may influence the light propagation
as well. In the latter case, thermal effects might be respon-
sible for director reorientation, and are thus referred to as
thermomechanical effects.

Previously, light-induced thermomechanical effects
have been largely investigated in cholesteric liquid crys-
tals, where these effects were originally related with the
absence of the right-left symmetry [2]. Then it became
clear that such effects might also exist in systems which
possess this symmetry, such as the nematic liquid crys-
tals (NLC). As was shown in [3,4], thermomechanical
effects do give a contribution to the director, heat and
Navier-Stokes equations. These thermomechanical terms
are given by nonlinear combinations with respect to tem-
perature, director and velocity gradients and represent
nonlinear cross-couplings between them. The first ques-
tion which arose is to suggest an experiment for measur-
ing the magnitude of thermomechanical coefficients. In-
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deed, it is hardly possible to find a setup which leads to
the contribution of one of the coefficients only. Since for
uniformly aligned nematics no thermomechanical effects
are expected, the hybrid-oriented nematics were used in
the experiments [5,6]. There, the hydrodynamic flow ap-
peared as a result of the applied temperature gradient,
which allowed to find the magnitude for the thermome-
chanical coefficients. Laser-induced thermomechanical ef-
fects in dye-doped nematics have been envisaged in pre-
liminary experiments [7]. However, it was not possible to
derive a definitive conclusion due to the main difficulty of
separating thermomechanical contributions from the light-
induced molecular torque. Another problem when per-
forming these experiments is that of avoiding to approach
the nematic-isotropic transition, where an enhancement
of the nonlinear optical response of dye-doped nematics
could take place because of other effects, such as the weak-
ening of the anchoring [8].

Here, we study theoretically the thermomechanical ef-
fects which occur in uniformly aligned dye-doped nematic
liquid crystals. This happens when the sample is illumi-
nated by a laser beam with a wavelength in the absorption
band of the dye, which causes a significant heating of the
liquid-crystal layer. Note that the absorbtion is negligi-
ble for pure nematics, so that thermomechanical effects
are significant only for dye-doped nematics. Indeed, in
the presence of dye-doping thermal heating leads to an
additional torque which acts onto the director together
with the light-induced torque. This additional torque will
help either to destabilize or stabilize the initial orientation
which is determined by the ratio of the thermomechanical
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coefficients. We show that the additional torque might be
strong enough to induce the molecular reorientation well
before the onset of the light-induced molecular reorienta-
tion, the so-called optical Fréedericksz transition (OFT)
for pure liquid crystals [9] and Janossy effect for dye-
doped liquid crystals [10,11]. We account for the possible
decrease of the reorientation threshold by a 1D model that
assumes homogenous intensity distribution in the plane of
the layer (the plane wave approximation) and includes the
light absorption into the hydrodynamic equations for the
nematics.

2 Theoretical model

In dye-doped nematics, contrary to the pure ones, the
OFT lowering might happen not only because of the well-
known Janossy effect [10,11] but also because thermome-
chanical effects may add a significant contribution. Indeed,
as a consequence of light absorption, light propagation
in dye-doped nematics causes significant heating of the
LC. When the intensity of a beam is sufficiently large and
the temperature gradient becomes nonzero, an additional
force acting on the director and additional terms in the
stress tensor in the Navier-Stokes equation for the velocity
appear due to thermomechanical effect [3,4]. The equation
for the velocity is coupled with the director equation, so
any dynamical process that leads to director reorientation
will also induce flow even in the absence of pressure gra-
dients. It should be noted that the terms which describe
the thermomechanical effects appear not only in the direc-
tor but also in Navier-Stokes equations. Thus, neglecting
the velocity equations and considering only the director
equation may lead to misleading results, even though this
simplification has been done for many studies in the con-
text of light-induced instabilities.

In our case, we considered the full problem with the
velocity equations coupled to the director reorientation
equation. However, in order to calculate the shift of the
OFT threshold due to the thermomechanical effect we
employed another frequently used simplification, namely
that all variables depend only on one coordinate, which
is transversal to the plane of the nematic layer (1D as-
sumption). We thus considered a linearly polarized plane
wave incident perpendicularly on a layer of a dye-doped
nematic of thickness L that is sandwiched between two
substrates of thickness d (see Fig. 1). The cell has initially
homeotropic alignment (with strong homeotropic anchor-
ing at the boundaries) and is placed in a thermostage with
a temperature T0 on both sides. The light is polarized
along the x-direction and propagates along the positive
z-axis.

2.1 Heat equation

For simplicity we also assumed that i) the attenuation of
the light inside the nematic is small (i.e. I(z) ≃ I0, where
I0 is the incident intensity); ii) the transversal heat flow
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Fig. 1. Geometry of the setup: a linearly polarized light along
the x-direction is at a normal incidence on a nematic LC layer;
n0 ‖ z is the director of the initial unperturbed alignment
(homeotropic state).

occurring in the (x,y)-plane is neglected, i.e. the tem-
perature profile depends only on z, T = T (z). Since we
deal with the plane wave approximation the following 1D
steady-state heat conductivity equations in the nematic
and substrates can be written (note that an absorption
takes place only inside the nematic)

κs∂
2
zT = 0, −d ≤ z ≤ 0 or L ≤ z ≤ L+ d, (1)

κ‖∂
2
zT = −α⊥I0, 0 ≤ z ≤ L ,

where κ‖ is the parallel component of the heat conduc-
tivity tensor of the nematic, κs is the heat conductivity
of the substrates and α⊥ is the absorption coefficient for
the ordinary light. We then write the boundary conditions
given by continuity conditions of the temperature and the
heat flow at the substrate-nematic interfaces (z = 0 and
z = L):

Ts1|z=0 = TN |z=0, κs∂zTs1|z=0 = κ‖∂zTN |z=0, (2)

TN |z=L = Ts2|z=L, κ‖∂zTN |z=L = κs∂zTs2|z=L. (3)

In this simplest model the temperature profile is linear
inside the substrates and has a parabolic form inside the
nematic which is symmetric with respect to the center of
the layer z = L/2. The maximal temperature is at the cen-
ter of the layer and the maximal temperature difference
inside the nematic is ∆Tmax = α⊥I0L

2/(8κ‖). Note that
Tmax = Ts1 + ∆Tmax with Ts1 > T0. Thus, the value of
Tmax depends also on the material and on the thickness of
the substrates which must be adjusted such (together with
the outer temperature T0) that Tmax < TNI , where TNI

denotes the temperature for nematic-isotropic transition.
This can be easily realized in the experiment by taking
material with high conductivity (e.g. sapphire), properly
chosen thicknesses or by using a nematic with wide work-
ing temperature interval.

The temperature gradient inside the nematic can be
written as

∂zTN = β ρ (L− 2z), with β =
α⊥IF
2κ‖

, (4)

where ρ = I0/IF is the incident intensity normalized to
the threshold intensity of the OFT for a dye-doped ne-
matic [12]

IF =
π2

L2

c(ε⊥ + εa)K3

εa

√
ε⊥η

, η =
εa + ζ

εa

. (5)
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Here εa = ε‖ − ε⊥ is the dielectric anisotropy and ε⊥ (ε‖)
is the dielectric permittivity (at optical frequency) per-
pendicular (parallel) to n, ζ phenomenologically describes
the effect of certain dye dopants (ζ = 0 in a pure LC), K3

is the bend elastic constant of the nematic and c is the
velocity of light in the vacuum.

It should be noted that the obtained solution (4) for
the temperature profile inside the nematics is much sim-
pler than in reality. The more complicated solution for
Gaussian incident beams has been derived in [13] from
the 2D heat equation which includes transversal depen-
dence. It turned out that for large Gaussian beams i.e.
when the spot size w is much larger than the thickness of
the layer L, w ≫ L, the maximum temperature rise be-
comes proportional to the spot size. Such a behavior is not
predicted by the 1D model and is owing to the transversal
heat flow occurring in the plane of the layer. Neverthe-
less, the realization of the plane wave approximation in
the experiment is a difficult but not impossible task. One
of the way to proceed is to enlarge the Gaussian beam to
a size which is much larger than the medium working area
(which is a much stronger condition than w ≫ L), so that
the intensity can be considered uniform in the central part.
Another possibility is that of using the so-called flat-top
beams [14]. Both techniques are quite easily accessible and
allow to attain the threshold for OFT. Preliminary exper-
iments are running at present in our laboratory and will
be reported elsewhere.

2.2 Linearized Navier-Stokes equation

The Navier-Stokes equation for the velocity v can be writ-
ten as [15]

ρm (∂t+v·∇)vi = −∇j

(

p δij + πij + T visc
ij + TTM

ij

)

, (6)

where ρm and p are the density and the pressure of the
LC, respectively. πij is the Ericksen stress tensor [15]. The
viscous stress tensor T visc

ij in equation (6) is written in
terms of the six Leslie coefficients αi [15]. The thermo-
mechanical tensor TTM

ij is introduced in [3,4] and can be

written as TTM
ij = αijklp(∇kT )(∇lnp), where the tensor

αijklp depends on a certain number of phenomenologi-
cal parameters and the director components. Then, the
incompressibility condition (ρm is constant) ∇ · v = 0
and the no-slip boundary conditions v|z=0,L = 0 immedi-
ately ensure that the z-component of the velocity vanishes
v = (vx(z, t), vy(z, t), 0), so v is parallel to the plane of
the layer. Moreover, all convective derivatives v · ∇ van-
ish. The Navier-Stokes equation has been simplified then
due to the fact that the director relaxation time

τ =
γ1L

2

π2K3
(7)

differs by many orders of magnitude from the momen-
tum diffusion time τvisc = ρmL

2/γ1, where γ1 = α3 − α2

is the rotational viscosity. Typically τvisc ∼ 10−6 s and
τ ∼ 1 s, so the slow variable of the system is the evolution

of the director which enslaves the flow motion and, thus,
the inertial terms in equation (6) can be neglected. Taking
into account that the light is polarized in the x-direction,
we need an equation for the x-component only. The lin-
earization of this equation around the homeotropic state
(nx = 0, vx = 0) yields

(α5−α2 +α4)
∂zvx

2
+α2∂tnx−a10∂znx∂zTN = C(t), (8)

where C(t) is a function that does not depend on z and
will be fixed by the boundary conditions. Here the first
two terms on the left-hand side of equation (8) come from
the viscous stress tensor whereas the last one is the con-
tribution from the thermomechanical stress tensor with
the thermomechanical coefficient a10. (Note that a10 in [4]
is related to ξi from [3] as a10 = (ξ8 − ξ4)/4.) The un-
known function C(t) can be determined by integrating
equation (8) across the layer. Finally, the velocity gradi-
ent ∂zvx can be expressed in terms of the director and the
temperature gradient (which is given by Eq. (4)) as

∂zvx =
2

α5 − α2 + α4

× [C(t) − α2∂tnx + a10βρ(L− 2z) ∂znx] , (9)

C(t) =
1

L

(

α2

∫ L

0

∂tnx dz − 2a10 βρ

∫ L

0

nx dz

)

. (10)

2.3 Linearized director equation. Adiabatic elimination
of the flow field

The equation for the director n is

γ1(∂t + v · ∇ − ω×) n = −δ⊥ (γ2An + h − gTM ) , (11)

where γ2 = α3+α2. h is the molecular field obtained from
the variational derivatives of the free-energy density F ,
which consists of the elastic and the electrical parts [15].
The projection operator δ⊥ij = δij − ninj in equation (11)

ensures conservation of the normalization n2 = 1. Here
Aij is the symmetric strain-rate tensor and the vector N

gives the rate of change of the director relative to the fluid.
gTM

i = δRtm/δ(∂tni) is the contribution of the thermome-
chanical effect to the force acting on the director [3]. Here
Rtm is the dissipative function introduced in [3] whose
expression is cumbersome and is not presented here.

We then linearized equation (11) around the
homeotropic state and obtained the following equation for
nx:

γ1∂tnx + α2∂zvx = (12)

K3

[

∂2
znx +

(π

L

)2

ρ nx

]

− ξ4
2
∂znx · ∂zTN .

Note that ny remains zero within the linear approxima-
tion [16]. The first term in the square brackets on the right-
hand side of equation (12) stems from the linearization of
h, whereas the last one after the linearization of gTM .
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From here on we will use normalized time t → t/τ
(where τ is the director relaxation time, see Eq. (7)),
length z → πz/L (the same symbols will be kept).
We will also introduce dimensionless viscosity coefficients
α′

i = αi/γ1. Eliminating the velocity gradient from equa-
tion (12) with the help of equation (9) and using the ex-
pression for the temperature gradient (4), the following
equation for nx can be derived:

∂2
znx + ρ nx − (1 − b)∂tnx − d1ρ(π − 2z)∂znx (13)

− b

π

{
∫ π

0

∂tnx dz − 2d2ρ

α
′

2

∫ π

0

nx dz

}

= 0,

where b, d1 and d2 are dimensionless parameters defined
as follows:

b =
2α′2

2

α′
5 − α′

2 + α′
4

, d1 = δ1ψ, d2 = δ2ψ. (14)

Here ψ depends on the absorption and δ1,2 are the alge-
braic combinations of the thermomechanical coefficients
given by

ψ =
βτ

γ1
=
α⊥c(ε⊥ + εa)

2κ‖εa

√
ε⊥η

, (15)

δ1 =

(

b a10

α′
2

+
ξ4
2

)

, δ2 = a10.

2.4 Linear stability analysis of the homeotropic state

We look for solutions of equation (13) of the form

nx(z, t) = nx(z)eσt, (16)

where σ is the growth rate and obtain from equations (13)

∂2
znx + [ρ− σ(1 − b)] nx − d1ρ(π − 2z)∂znx (17)

− b

π

(

σ − 2d2ρ

α
′

2

)
∫ π

0

nx dz = 0 .

It should be noted that equation (17) reduces to the classi-
cal linearized equation for the OFT when the flow and the
thermomechanical effect are neglected by putting b = 0
and d1 = d2 = 0.

Taking into account the boundary conditions
nx|z=0,π = 0, equation (17) is solved by

nx =
A

ρ− σ(1 − b)
(18)

×







−1+ed1ρ(π−z)z
1F1

[

1
2−

ρ−σ(1−b)
4d1ρ

, 1
2 ,

d1ρ
4 (π−2z)2

]

1F1

[

1
2−

ρ−σ(1−b)
4d1ρ

, 1
2 ,

d1ρπ2

4

]







,

where 1F1 is the confluent hypergeometric function [17]
and A is some constant which depends on the director
itself

A = − b

π

(

σ − 2d2ρ

α
′

2

)
∫ π

0

nx dz. (19)

Substituting the solution for nx (18) into equation (19)
the equation for the growth rate σ versus the incident in-
tensity ρ can be derived (note that A will be cancelled).
Substituting σ = 0 into this equation, the following tran-
scendental equation for the critical intensity ρc has been
obtained,

∫ π

0
ed1ρc(π−z)z · 1F1

[

1
2 − 1

4d1

, 1
2 ,

d1ρc

4 (π − 2z)2
]

dz

1F1

[

1
2 − 1

4d1

, 1
2 ,

d1ρcπ2

4

] =

π

(

1 +
α′

2

2 b d2

)

. (20)

In the calculations, we took the material parameters
for the nematic E7: K3 = 15.97 × 10−12 N, ne = 1.746,
no = 1.522 (extraordinary and ordinary refractive in-
dices), λ = 514 nm, α⊥ = 88 cm−1 (absorption coeffi-
cient), κ‖ = 10−3 W/◦Ccm (the heat conductivity for
the nematic). The calculations were made for a layer of
75 µm thickness and for b = 0.8 and α′

2 = −1.058. The
thermomechanical coefficients and, hence, δ1 and δ2 are
unknown. Thus, we took the typical order of their magni-
tudes as 10−12 N/◦C reported in [6]. The threshold value
observed in our preliminary experiment with a mixture of
the nematic E7 (Merck) and 1-amino-anthraquinone dye
(Aldrich) turned out to be IF = 32W/cm2. (The enhance-
ment factor ζ which enters into Eq. (5) and for the param-
eters used in the calculations corresponds to ζ ≃ 52.) It is
worth noting that a beam with a small transverse size was
used in the experiment. As is known [13], the temperature
difference inside the layer and, as a consequence, the ther-
momechanical effects are negligible in that case. Hence,
the reduction of the intensity for the OFT is determined
only by Janossy’s factor ζ. On the other hand, we per-
formed calculations under the assumption of plane waves
(very broad beams) when the temperature difference must
be taken into account. Consequently, both Janossy and

Fig. 2. The critical intensity ρc versus parameter δ1 under
the assumptions that δ2 = δ1 (solid line), δ2 = 0 (dot-dashed
line), δ2 = −δ1 (dashed line). ρc = 1 corresponds to the critical
intensity for the OFT (no thermomechanical effect).
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Fig. 3. Contour lines for the surface ρc(δ1, δ2). The values of ρc

are shown on contour lines. (ρc = 1 for δ1 = δ2 = 0 corresponds
to the case without thermomechanical effect.)

thermomechanical effects are present at the same time and
thus we predict an additional reduction of the intensity
for the OFT owing to thermomechanical effects. In Fig-
ure 2 the results of the numerical solution of equation (20)
(or alternatively the eigenvalue problem (17)) are shown
for three different cases when i) δ2 = δ1; ii) δ2 = 0; iii)
δ2 = −δ1. (δ2 = 0 corresponds to the thermomechanical
single-constant approximation.) One can see from this fig-
ure that ρc might be indeed several times lower than that
for the OFT. This fact is clearly demonstrated in Fig-
ure 3 where the contour lines for the surface ρc(δ1, δ2) are
plotted. One is now forced to conclude that the thermo-
mechanical effect leads indeed to the substantial change
of the critical intensity.

It should be noted that in the calculations the tem-
perature dependence of the material parameters was ne-
glected for simplicity. One should thus have not too large
values of ∆Tmax otherwise the thermomechanical terms
described above should be properly combined with those
appeared owing to the temperature dependence of mate-
rial parameters (similar to the case of cholesterics when
the linear thermomechanical coupling coefficient λ3 is in-
separable from the temperature dependence of the helical
pitch in static deformations). However, in many cases the
latter will indeed give substantially smaller contribution.
As is seen from Figure 2, for δ1 = δ2 = −4·10−12 N/C◦ the
threshold intensity is lowered by five times. At the same
time the estimated ∆Tmax turned out to be 4K only. In
that case for a proper chosen temperature interval within
the nematic phase the material parameters will vary less
than 10%. As a consequence, the threshold intensity IF
given by equation (5) will also be changed only slightly.
It should also be noted that the larger the magnitude of
thermomechanical coefficients is, the lower the threshold
intensity will be and, as a consequence, the smaller the
maximal temperature difference inside the nematic will
be, i.e. the model will work better in this case.

2.5 Thermomechanical effect due to temperature
difference at the boundaries

We have assumed so far that the temperature on both the
bounding plates is the same. As a next step, we have ana-
lyzed the influence of the nonzero temperature difference
∆T maintained at the boundaries to the instability thresh-
old. To obtain this effect in pure form we assumed that
the thermomechanical effect is due to ∆T only and the ab-
sorption inside the nematic is neglected. For this simple
situation the temperature gradient inside the nematic is
constant. Following a procedure similar to that described
in the previous subsection when we linearized basic equa-
tions around the homeotropic state (see Eq. (17)), the
subsequent ODE for nx has been derived,

∂2
znx+ [ρ− σ(1− b)]nx− d3∆T∂znx−

bσ

π

∫ π

0

nx dz = 0,

(21)
where

d3 = δ1η, η =
κsL

(κsL+ 2κ‖d)πK3
, (22)

and the other quantities have the same meaning as before.
After substituting σ = 0 in equation (21) the following
simple formula for the critical intensity was found:

ρc = 1 + d2
3

(∆T )2

4
. (23)

As is seen, ρc is always higher than the threshold for
the OFT and depends quadratically on ∆T . This effect is,
however, small because the thermomechanical coefficient
enters quadratically into the expression for ρc as well. (The
order of magnitude of d3 is 10−2 ◦C−1 for the parameters
used in the calculations.)

3 Conclusions

In conclusion, we have shown theoretically that thermo-
mechanical effects might be at the origin of significant
lowering of the OFT threshold expected for dye-doped ne-
matic liquid crystals. To explain this, we have developed
a simple model, assuming that all physical quantities de-
pend only on the coordinate across the layer. We linearize
both the director and Navier-Stokes equations around the
basic state, to assess the change of the primary instability
due to thermomechanical effects. The temperature gradi-
ent across the layer, which is induced by light itself due
to absorption of the dye dopants, was calculated from the
1D heat equation. Using a typical value for the thermo-
mechanical coefficients, we have found that the effect of
OFT’s lowering might be explained by thermomechani-
cal effects. We have also analyzed a situation when the
thermomechanical effects are due to the temperature dif-
ference maintained at the boundaries. It turned out that
in this case they always lead to an increase of the OFT
threshold.
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